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Summary

A method for quantification of distances between amide hydrogens using only the 3D NOESY-HMQC
experiment recorded on a “N-labelled protein is presented. This method is based on an approximate
expression of the NOE intensities between amide hydrogens obtained from contimmum modelling of the
non-amide spins; this expression is used in a distance calculation algorithm. The algorithm has been
named CROWD, standing for Continuum approximation of RelaxatiOn path Ways between Dilute spins.
This approximation as well as the CROWD algorithm are tested on a simulated case; the CROWD
algorithm is then applied to experimental data, measured on a fragment of bacteriorhodopsin.

Introduction

The structure determination of large molecules by NMR
relies on the chservation of spectral features which can be
related to geometrical information (Wiithrich, 1986). Vici-
nal J-coupling constants and nuclear Overhauser enhance-
ment intensities can be measured on NMR spectra. From
these parameters, dihedral angles and distance constraints
are derived and used for structure determination.

The NOE intensities measured on NMR specira are
mostly used qualitatively, in the form of ranges of validity
for the interspin distances associated with the observed
NOE. The accuracy of the structural information thus
obtained relies on the large redundant number of obser-
vations rather than on the accuracy of each individyal
signal. One drawback of this approach is the need (o use
short NOESY mixing times, to minimise the effect of the
spin-diffusion phenomenon, thus hampering the use of

experiments where long-range NOEs would be maximal.
Many authors have proposed using the measured NOE

intensities In a more quantitative fashion (Massefski and
Bolton, 1985; Boelens et al., 1988; Sobol and Arsenicv,
1988; Borgias and James, 1989; Yip and Case, 1939;
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Koehl and Lefevre, 1990; Bonvin et al., 1991a; Madrid et
al., 1991; Mertz et al., 1991; Nilges et al., 1991; Van de
Ven et al.,, 1991; Baleja, 1992; Mirau, 1992; Lai et al.,
1993; Surl and Levy, 1993) through modelling of spin
diffusion by the use of the relaxation matrix. It is also
possible to direcily evaluate interspin distances by fitting
the NOE intensity dependence upon mixing time (Boelens
et al., 1989; Fejzo et al., 1989; Hyberts and Wagner,
1989; Malliavin et al., 1992). Likewise, a direct fit of the
molecular structure to the observed NOE, by back-calcu-
lating the NOE pattern associated with a given structure,
has been proposed (Nerda et al., 1989; Bonvin et al.,
1994). Finally, another approach (Boelens et al., 1988;
Borgias and James, 1989) consists in the construction of
a ‘mixed NOE matrix’ from the experimental and calcu-
lated NOEs of any random structure. A regularisation of
this matrix leads to somchow restrained validity ranges
compared to the qualitative approach.

Isotopic labelling is commonly used in the study of
large proteins by NMR, because this method facilitates
the assignment process by using multidimensional hetero-
nuclear experiments. In the case of "N labelling, the NOE
mformation extracted from these experiments is much
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more partial than the NOE information extracted from
homonuclear 2D or 3D NOESY spectra, becausc only
proximity information on amide hydrogens is gathered.
The methods developed to refine the relaxation matrix
from NOE intensitics cannot be used on heteromiclear 31
speclra, and usually one has to rely on regular homo-
nuclear 21D NOESY or 3D NOESY-NOESY experiments
to extract quantitative distance estimates uscd for the
structural reconstruction (Bonvin et al., 1991b; Abergel
and Delsuc, 1993; Berstein et al., 1993).

We present here a method which permils extraction of
estimates of the distances between amide hydrogens from
a 3D NOESY-HMQC experiment recorded on a “N-
labelled protein (Clore and Gronenborn, 1991). This
method is based on an approximate expression of the
NOE intensities between amide hydrogens, obtained from
a continyum modelling of the non-amide spins. This
approximation is used in a distance calculation algerithm
similar to MARDIGRAS (Borgias and James, 1989). Tt
has been named CROWD, for Continuum approximalion
of RelaxatiOn path Ways between Dilute spins.

The approximation requires measurement of the NOE
autorelaxation amide peaks, the amide-amide cross
peaks, and the amide-non-amide cross peaks, which are
all readily available from the 3D NOESY-HMQC experi-
ment. It also requires recording of the 2D HMQC experi-
ment for the calibration of the transfer efficiency.

This approximation as well as the CROWD algorithm
are tested on a simulated case. The proposed method is
then applied to experimental data measured on the (1-71)
fragment of bacteriorhodopsin, and the applicability and
limitations of the present approach are discussed.

Theory

The NOE intensitics of a 2D NOESY experiment with
a mixing time T, can be ¢xpressed as a symmetric matrix
I(t,), where the element (i,j) holds the intensity of the
cross peak between the spins i and j. The relaxation rates
of the spin system can also be presented as a matrix, the
relaxation matrix R. The NOE intensity matrix I(t,) is
related to R by the expression {Macura and Frnst, 1980;
Keepers and James, 1984):

TABLE 1
EXPRESSION OF THE ELEMENTS IN MATRICES R; AND R,

I(Tm) = exp(—R Tm) I() (1)

where I, is a diagonal matrix, the elements of which are
equal to the equilibrium magnetisations of the spins.
The relaxation matrix elements are equal to:

[R]; = c/rﬁ- (2)
[R]s= UT,+ ¥, ch )
i

where 1;; 1s Lhe distance between the spins i and j and T
is the spin-lattice relaxation rate of hydrogen i.

The coefficients ¢ and ¢' depend on the speetral density
function of the motion of the interproton (i,j) vector. As
a first approximation, we suppose that the protein motion
is governed by a unique global correlation time T_; the
spectral density function 1s thus the same for all the hy-
drogen pairs and the coefficients ¢ and ¢’ can be consider-
ed as being constant.

From the expression of the relaxation matrix elements,
the separation of the relaxation rates between amide
hydrogens and those concerning other hydrogens (non-
amide) is straightforward. The matrix R can be writlen as
the sum of the matrices R, and R;:

R=R, +R, 4

The eclements of the matrices R, and R, are defined in
Table 1.

The matrix R, is a4 ‘relaxation matrix’ containing only
the amide hydrogen subset. It should be noticed that its
exponential exp(—R,1,) is also limited to the amide hydro-
gen subset. This property will be used below.

The matrix R, is what remains in R when R, has been
removed. Thus, off-diagonal elements of R, hold relax-
ation rates of non-amide hydrogens with both amide and
non-amide hydrogens. The special element [R,];, where
1 is an amide hydrogen, can be seen as a pseudo spin-
lattice relaxation rate, which takes into account the di-
polar relaxation leakage from amide hydrogen i to all
non-amide hvdrogens. In the following, this parameter
will be noted as:

Matrix R,

amide hydrogen i

non-amide hydrogen m

amide hydrogen j [Ryf; = Ry if ing Rilw =0
R, = 2 ¢l + UT,
)
non-amide hydrogen n [Ril,=0 Rl =0

Matrix R,
amide hydrogen i non-amide hydrogen m
[R.]; = 0 if iz [Rofwj = Ry
Ryl = Z iy,
mé (HN]
[R], = R, [R.ow = Ria

The amide hydrogen indexcs are named i, j or k. The non-amide hydrogen indexes are named n and m.
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Due to the exponential relation between relaxation rate
and NOE intensity matrices, the NOE intensity between
two interacting amide hydrogens is influenced by all in-
direct dipotar relaxation through any other set of hydro-
gens. This well-known phenomenon is named spin diffu-
sion. Thus, in the NOFE intensity matrix I{t,), the separ-
ation of amide from non-amide hydrogens is not so easy.

A model of the relaxation of amide hydrogens in a
bath of non-amide hydrogens is proposed here. The spin
diffusion due to the amide hydrogen network can be
completely taken inlo account by calculating the expo-
nential of the matrix R,. The non-amide hydrogens also
influence the relaxation pathways between the amide
hydrogens; they will be modelled here as a continuum.
The spin diffusion through this continuum, which is the
predominant part of the total spin diffusion, is taken into
account using the pseudo spin-lattice relaxation time 6,

Ouy purpose is thus to evaluate an approximation of
the amide spin dipolar relaxation from the knowledge of
the geometry of the amide spins only. We shall see from
measurements of the NOE between the amide and the
non-amide spins that it is possible to evaluate the part of
the spin diffusion due to these non-amide hydrogens.

The approximation is derived in several steps. First,
the NOE intensity matrix I{1,) is expanded as a function
of the R; and R, mairices. Only the first expansion term
is kept, to calculate an approximation of NOE intensity
between amide hydrogens. The second approximation
step is the expression of the NOE intensities 4s a function
of the matrix R, and the spin-lattice relaxation times 6\,
Finally, an approximate cxpression of 8 is derived as a
function of the NOE intensities between amide hydrogen
i and the non-amide hydrogens.

In the following, the amide hydrogens will be desig-
nated by the indexes i, ], k and the non-amide hydrogens
by the indexes m, n, p; the indexes s and s, will specify all
protein hydrogens.

An expansion of the matrix exp(A + B) as a function
of the matrices A and B is derived in the Appendix, The
refation between A + B, A and B, obtained from Eq. A7
by discarding the terms of order greater than three, is ap-
phiad to the matrices R, R, and R,. Neglecting the terms
of order preater than throe means that the part of the
spin diffusion concerning more than one relay is neglect-
ed. An approximation of the NOT intensity [T]; between
two amide hydrogens i and j can thus be written as:

Hl; = ;Z({Iihs L1+ L LT ]bj) (6)
<3

where I, = exp(-R, 7,) and I, = exp(-R, 1,.). In the fol-
lowing, I, will be named the pseudo-intensity matrix,
because it is the exponential of a relaxation submatrix.
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As []; = [I;]4 = 0. for all hydrogen indexes s being
non-amide hydrogens, Eq. 6 can thus be written as:

1 N
Wi =3 k ?’}(Hl}iklzz b+ o lLly) 7}

In the case of weak spin diffusion, the diagonal terms
of the matrix I, dominate the sum of Eqg. 7. From the
exponential ¢xpansion, these terms can be expressed as:

k=3 St ®

p=tt

where [R2]; designates the (i1} element of matrix R, at
power p. Forp 2 2:

&)

p-it

[Rg i 2 {szis‘ [Rz]s:s;‘“ [R?]s

For increasing protein size, the slow-motion limit hy-
pothesis (@7, >> 1) is usually verified, and the auto-relax-
ation rate [R]; of hydrogen i is roughly equal to the op-
posite sum of the cross-relaxation rates {R}, between
hydrogen 1 and other hydrogens. Thus, In the matrix R,,
the diagonal matrix elements have absolute values larger
than the nondiagonal matrix elements. The huge sum of
Eq. 9 15 thus dominated by terms containing the largest
number of diagonal elements of the matrix R,. An ap-
proximation of {R3], can now be obtained by keeping
only these terms:

[R5, = (iRz}n}p (10)

Substituting Eq. 10 into Eqs. 7 and &, we obtain an
approximation of the NOE intensity for a cross peak or
an auto peak between two umide protons:

[1); = »["-3]—( Aakta g g Ralita ) (in

With Eq. 11 we have made a step toward obtaining an
estimate of the NOE intensity for the amide spins. We
now show that the remaining terms to be cvaluated can
be derived from measuring, on the 3D HMQC-NOCESY
experiment, amide non-amide cross peaks.

An approximation for the spin-lattice relaxation rates
[R,]; is first derived. From Eg. A7, the approximate ex-
pression for the intensities between amide hydrogen i and
non-amide hydrogen m can be derived in the same way
that Eqg. 6 was derived:

1
[T = ;Z([Il}isnl}sm + Uz]is[I!]sm) {12)
<3

Using the same token as in Eq. 6, Eq. 12 can thus be
written as:

um~% DI AN (13)
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As previously, only the largest term of the sum, [1 1; (L ]
is kept:

mm=%ﬁ¢ﬂﬁm (14)

By using a two-spin approximation, the elemenis of
matrix I, between amide hydrogen i and non-amide hy-
drogen m can be approximated in the following way:

[lzlim = [R‘E]im’cm (15)

Using Fgs. 14 and 15, the element [R,],, can thus be
expressed as:

211,

16
Tl Ji as)

[Raliw =

From the R, matrix element definition {Table 1), we
obtain:

CF

[R;}i = — 2IR: 1 an

m

c

NOE intensities (n.u.)

o L 1 s L L
101 5 2 2.5 3 35 4 4.5

distances (A)

Fig. 1. Plot of the computed intensilies (y-axis) as a function of the
interatomic distance (x-axis) for a mixing time of 100 ms. A loga-
rithmic scale is used for the y-axis. Only pairs of spins including at
least one amide hydrogen are displayed. Pairs of amide hydrogens are
indicated with ¢losed circles (@), and pairs of hydrogens including
only one amide hydrogen with open circles (G). The value of 0.007
n.u., corresponding to the mean error of the approximation for a
mixing time of 100 ms, is displayed for clarity.

An approximation of the spin-lattice relaxation rate is
thus:

2¢'S,
R.lm= —e b
[R:l; —y (18)
where:
S= Y M (19)

m

The proposed approximation can thus be summarised in
the following way:

I.1. B e
[I*]ij — { ;]EJ (e-{Rz bi T i R, 1 m) (20)

where [I*]; is the approxitnate intensity between the
amide hydrogens i and j, and [R#]; is the approximate
spin-lattice relaxation rate from amide hydrogen i to all
pon-amide hydrogens:

288,

R L= *m

(21)

The parameter S, ean be obtained for each amide hy-
drogen i (Eq. 19) from the intensities {I};, between hydro-
gen 1 and the non-amide hydrogens m which arc meas-
ured on a 3D NOESY-HMQC spectrum. Thus, approxi-
mate NOE intensities between amide hydrogens can be
obtained using only distances between amide hydrogens.

Approximation test

In the following, the NOE intensities are expressed in
NOE uniis {n.u.); this unit is defined such that a spin of
multiplicity | gives rise to an autorelaxation peak with 1.0
p.u. intensity in a NOESY experiment recorded with a
null mixing time.

To test the guality of the approximation, we chose to
run the simulation on the pike parvalbumin, a calci-pro-
tein of 109 amino acids, whose sccondary structure is
mainly ¢-helical, and which also contains a small 3-sheet,
Its structure was determined by NMR (Padillz et al.,
1988; Padilla, A. et al., maguscript in preparation) and
was deposited in the Protein Data Bank (PDB code:
1PAS). The atom coordinates of a mean structure, ob-
tained from the PDB file conformers, are used here. Dur-
ing the calculation, the global protein correlation time is
taken equal to 5.0 ns.

The asparagine, lysine, arginive, ghitamine, histidine
and tryptophan side chains contain nitrogen-bound hy-
drogens. These hydrogens usually give few correlations
with the backbone amide hydrogens on the 3D NOESY-
HMQC spectrum, they are often invisible on the spec-
trum, because they are anncaled by the water presatura-
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TABLE 2

APPROXIMATION EFFICIENCY FOR DIFFERENT MIXING TIMES

Mixing time (ms) A, A, £ £ E, (nu) B, (nw)
100 (.66 0.62 0.34 0.38 0.14 0.007
204 .53 0.46 048 0.54 0.8 0.013
300 0.49 039 0.56 G.61 0.08 0.015
400 (.49 036 0.62 0.63 0.03 0.015
500 0.52 035 0.67 G.65 0.05 0.014

The parameters &, A and E are respectively the mean relative error, the mean ratio and the mean error, as described in the text. The subscripts
stand for the peak set on which the calculation was performed, i.e., 2; cross peaks; 1: ¢ross peaks and auto peaks. £ and A are dimensionless
parameters. The parameter E is given in n.u. The NOF unit (n.e.) is defined as follows: for intensities expressed in n.u., the autorelaxation NOE
signal intensity at null mixing time is equal to the multiplicity of that signal.

tion, The amino groups present in lysine residues and in
the N-terminal residue are usually not observed. Thus,
amine groups and side-chain amide hydrogens are not
considered in our calculations,

In all calculations, performed here on theoretical data,
the spin-lattice relaxation times T,;, defined in Eq. 3, were
supposed 10finife, as reported before (Borgias and James,
1989).

All calculations involving the relaxation matrix were
performaed using a newly designed program. This program
consists of a package ol independent commands, associ-
ated to a control language, which can be used as com-
mand files. The same program can thus be used to per-
form a theorctical mmtensities calculation {as in CORMA
(Keepers and James, 1984)) or an iterative disiance calcu-
lation (as in MARDIGRAS (Borgias and James, 1989);
or in IRMA {Boelens et al., 1988)), simply by writing the
appropriate command files. This program is available
from the authors upon request.

Theoretical NOE intensities were simulated from the
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Fig. 2. Plot of the approximate intensities (y-axis) as a function of
exact intensities (x-axis), for a mixing time of 100 ms. Fxact and
approximate inlensities are calculated from the parvalbumin structure
(Padilla, A. et al,, manuscript in preparation).

parvalbumin structure for different mixing times: 100,
208, 300, 400 and S00 ms, The theoretical intensities were
calculated on all hydrogens, using a full relaxation matrix
analysis, and the parameters S; were obtained from these
intensities. Figure 1 shows the distribution of the com-
puted intensities relative to the interatomic distances.
From the structure and the parameters S, the approxi-
male intensities [I*]; were obtained and compared to the
real intensities [1];. The [T]; NOE intensities were included
in the comparison, as they can be easily measured on a
3D NOESY-HMQC experiment. The accuracy of the
approximation was evaluated by computing, for each pair
of spins (i,j), the relative error:

& = <|[1*],~ (0, / 1> (22)

as well as the ratio:
A= <[1¥, / 1> (23)
and the error induced in intensities by the approximation:
F = <[, - M) > 24)

The means are calcniated on all the (i,j) spin pairs,

These quantities were evaluated for different mixing
times. Data are shown in Table 2 for two peak sets: all
the experimental peaks (cross peaks and auto peaks) (A,
g, and E,)}, and only the cross peaks (A,, €; and E,). The
approximate intensities are compared to the exact inten-
sities in Fig. 2, for a mixing time of 100 ms.

The fact that the quantities A are smaller than | at all
mixing times shows that the proposed approximation
always underestimates the NOE intensities. The A values
decrease and the € and E values increase with increasing
mixing times, indicating that the approximation is more
accurate for small mixing times than for larger ones. The
crror obtained on NOE cross peaks (B, quantity) is equal
to 0.007 n.u. for a 100 ms mixing time, and is of the
order of 0.015 n.u. for mixing times greater than or equal
to 300 ms. From Fig. 1 it can be deduced that, for a
mixing time of 100 ms, the error is negligible for spin
pairs up to 3.7 A apart.
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From these data and from some other data not shown
here, it is clear that the approximation works better when
little spin diffusion is present, which is a direct conse-
quence of the way it was derived. However, the proposed
approximation is sufficiently robust to be applied to the
calculation of distances between hydrogens.

Iterative distance calculation

A method for iterative distance calculation using the
approximation is now proposed and tested in a theoreti-
cal case.

Several algorithms have been proposed to calculate
iteratively distances between hydrogens from NOE inten-
sities. Of these, the MARDIGRAS (Borgias and James,
1989) algorithm was used here, because of its simplicity
and because it manipulates and produces directly relax-
ation rates, without using any explicit atom coordinate.

In this work, the MARDIGRAS procedure was ap-
plied in the following manner. The parameters S; were
calculated from the intensities [I],,. The initial interproton
distances were assigned in a gualitative way (Tkura et al.,
1992) from the NOE intcnsity values: for strong NOE
intensities (>0.2 n.u.), distances were randomly set be-
tween 1.8 and 2.4 A; for medium NOE intensitics (be-
tween 0.2 and 0.05 n.u.), distances were randomly scl
between 1.8 and 3.4 A; for small NOE intensities (<0.05
n.u.), distances were randomly set between 1.8 and 5.0 A.
Finally, distances corresponding to hydrogen pairs for
which no intensity was measured were randomly set be-
tween 4.5 A and the protein diameter. Only the experi-
mental intensities [I]; and [I],, greater than a threshold
value were used in the calculation. The intensity threshold

TABLE 3

used in the different simulations is shown in Table 3, For
cases where a simulated noise was added to the NOE
intensities, this was set equal to twice the added noise
level. The initial root-mean-square (rms) deviation he-
tween initial and exact distances is larger than 1.0 A for
all calculations.

From the starting distances between hydrogens the
matrices R, and I, were caloulated. Using the I, diagonal
elements and the parameters S, the rates [R,]; were com-
puted from Eq. 21, and from these rates and the matrix
I, the approximate intensities {I¥]; were obtained (Eq. 20).
The quality of the experimental fit was estimated by an
R factor (Gonzalez et al., 1991):

R= Z I[I]ij_[l*]ijl /Z |[T]ij| (25
i,j i

If the R factor fell below a fixed threshold, the calcula-
tion was terminated. Otherwise, a mixed matrix was built
by replacing the elements [T*]; by the corresponding ele-
ments [I];;, if thesc were known. From the mixed matrix
and the spin-lattice relaxation rates [R;];, the matrix [
can be computed by inverting Eq. 20. By taking its logar-
ithm {Magsscfski and Bolton, 1985}, a matrix R} was ob-
tained. The matrix R does not have the properties of a
relaxation matrix, and was regularised as proposed in the
algorithm MARDIGRAS (Borgias and James, 1989). The
same procedure was iterated until the R factor became
smaller than the threshold. At this stage, the matrix R,
was calculated [rom the current NOE intensities, as de-
scribed above, and the distances between hydrogens were
obtained from the R, nondiagonal elements.

Several simulations of the CROWD algorithm were
run to check the effect of the balance between a small 1,

ITERATIVE DISTANCE CALCULATION RESULTS FOR PARVALBUMIN

Noise level Mixing time AP Final rms Number of R flactor® Intensity threshold
(n.u.)? (ms) (Ay distances® (nu)
0 100 0.97 0.28 135 0.15 0.006
0 200 0.94 0.52 184 0.26 0.006
0 300 0.92 0.7 212 0.34 0.006
0.003 100 0.96 0.41 135 0.16 0.006
0.003 200 0.93 0.61 134 0.26 0.006
0.003 300 091 0.84 212 0.38 0.006
0.01 100 1.00 0.16 7 0.07 0.02
0.01 200 0.97 0.30 92 0.12 0.02
.01 300 0.96 0.41 101 0.15 0.02
0.02 100 1.00 0.16 44 0.12 0.04
0.02 200 1.00 0.17 35 0.08 0.04
0.02 300 0.9 0.30 53 0.08 0.04

* The noise level is added to the {I}; intensities and expressed in n.u.
® The parameter A is the mean ratio between final and true distances.
° The final rms is the rms between final and true distances.

¢ The number of distances obtained by the calculation.

¢ The final value of the R factor as obtained from Eg. 25.

f The intensity threshold (n.u.) is the cutoff value for the {I]; intensities.



leading to an accurate approximation, and a large T,
permitting larger NOE intensities and thus better signal-
to-noise ratios. It was also intended to check how the
method would resist increasing levels of simulated noise.

Iterative calculations were performed without noise
and with three dillerent noise levels: 0, 0.003, 0.01 and
0.02 n.u. A centred Gaussian noise was simulated and
added to the intensities [T]; and [I],,. For each noise level,
the iterative distance calculation was performed for three
mixing times: 100, 200 and 300 ms.

A histogram of the calculated NOE intensities between
the amide hydrogens for parvalbumin is shown i Fig. 3,
for a mixing time of 200 ms. From this figure, it is clear
that a noise level of 0.003 n.u. is a mean noise level and
that 0.02 n.u. is a high noise level.

The results were evaluated by calculating two parame-
ters: the final rms between final d and exact df, distances,
and A = <dj/d}>. The results of this comparison are
summarised in Table 3.

From Table 3 it can be seen that the A values are
always close to 1; thus, CROWD introduces little bias in
the distance estimation. For the same noise level, the final
rms values increase with the mixing time. Furthermore, a
more detailed analysis of the results reveals that the dis-
tances between amide hydrogens closer than 3.0 A are
always precisely obtained. These distances correspond to
the (i, 1+ 1} correlations in the ¢-helices.

The final rms and R factor values decrease for increas-
ing noise level, because the number of intensities used for
the calculation decreases as the noise level increases, due
to the fact that smaller intensities can no longer be de-
tected. The approximation is thus applied to a hydrogen
pair subsef with a smaller mean distance, resulting in a
better accuracy.

It should be pointed out that the first calculations
using MARDIGRAS on BPTI (Borgias and James, 1989),

140‘ T T T T T
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Fig. 3. Histogram of NOF intensities calculated for parvalbumin, at
4 mixing time of 200 ms.
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with a noisc level of 0.003 n.u. and a mixing time of 100
ms, provided a final Tms of 0.33 A. The calculation run
here, with a mixing time of 100 ms and a noise level of
0.003 n.u., gave a final rms of 0.41 A, which is only
slightly larger.

Determination of distances in the (1-71) fragment of
bacteriorhodopsin

An application of the CROWD procedure to an ex-
perimental case is now presented.

The spatial structure of a chymotryptic fragment C2
(residues 1-71) of bacteriorhodopsin, dissolved in a mix-
ture of methanol—chloroform (1:1) and 0.1 M DCO,/NH,,
was determined by 2D and 3D heteronuclear “N-'H
NMR techniques (Sobol et al., 1992; Pervushin et al.,
1994). Distance constraints were derived from the NOE
intensities observed in chloroform—methanol by using the
MARDIGRAS program (Borgias and James, 1989).
Twelve conformations of the (1-36) and (37-71) frag-
ments were determined by distance geometry and simu-
lated annealing methods using the distance constraints as
described by Pervushin et al. (1994). The obtained struc-
ture has two right-handed o-helical regions from Pro® to
Mer*? and from Phe® to Tyr®. No NOE contacts between
the two o-helices were found,

3D NOESY-HMOQC and 2D HMQC experiments were
recorded on a sample containing the C2 fragment in a
mixture of methanol-chloroform. The 3D NOESY-
HMQC was performed with a mixing time of 100 ms.
Both experiments were acquired under equivalent condi-
tions and were progessed in the same way, using identical
parameter values. The recording and processing condi-
tions have been described elsewhere (Pervushin et al,
1994). On both spectra, peak picking and peak integra-
tion were performed using the EASY program (Eccles et
al., 1991).

Several internal molions have been observed in the
(1--71) fragment (Orekhov et al., 1994). The determination
of spectral density functions of the amide hydrogen pairs
is thus not possible in a straightforward way. Therefore,
the CROWD distance algorithm was applied, assuming
an isotropic rigid motion maodel. The protein global corre-
lation time was taken equal to 6.6 ns.

The calculation was performed for the protein o-helical
regions from Pro® to Met™” and from Phe” to Tyr*, be-
cause lhese regions are the only structured ones in the
molecule (Pervushin et al., 1994).

During the CROWD calculation on the (1-71) frag-
ment, the relaxation of the amide hydrogen with the
nitrogen spins was taken into account by adding a spin-
lattice relaxation rate to the amide auto-relaxation rates
Ry ];.

In the amide—amide region of the 3D NOESY-HMQC
spectrum, 178 peaks, corresponding to (i, i), (i, i+1) and
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Fig. 4. Results obtained by CROWD on the (1-71) fragment of
bacteriorhodopsin. Plot of the distances calculated by the CROWD
method (v-axis) as a function of the distances found in the NMR
structure (Pervushin et al., 1994} (x-axis).

(i, i+2) correlations in the protein w-helical regions, werc
detected and integrated. Fourteen peaks could not be
unambiguously assigned to a single pair of amide hydro-
gens, due o the superposition of Gly' and Gly” in the
HMQC spectrum, and to several superpositions of hydro-
gen resonances of consecutive amides. The cross-correla-
tion peaks involved in such superpositions were not used
in the CROWD calculation.

Inaccuracics duc to differences in HMQC transfer
efficiency, incomplete relaxation of armide signals, and
differcnces in lineshapes were tentatively removed by
dividing each cross-correlation intensity [1]; between the
amide hydrogen i and any other hydrogen j by the peak
intensity of hydrogen i, measured on the 2D HMQC
spectrum. The experimental values were then normalised
to NOE units by comparing the [I]; values with the simu-
lated values calculated on the (1-71) fragment, using the
same experimental parametcrs. The smallest 3D intensities
were discarded, the dynamical range on the final normal-
ised intensities being roughly equal to 300.

The 1lerative distance calculation was performed using
the normalised intensities obtained from the 3D NOESY-

HMQC experiment. It was stopped for an R factor equall

to 0.13. Distance values were obtained [or 36 (i, i+1)
correlations and 21 (3, i+ 2) correlations.

The comparison of final distances df with the reference
distances dff’ obtained from the previously determined
{1-71) fragment structures is shown in Fig. 4. The dis-
tances df’ were calculated as a mean from a set of 12
conformers for the (1-36) and (37-71) fragments using
the following equation:

dpt = (< 1j(dy)° >)6 (20)

The calculated distances df, corresponding to (i, i+1)
correlations, have a better correlation to d{ff than the
distances corresponding to (i, i+2) correlations. This
discrepancy arises probably from the spectral density
function used here. Indeed, for the C2 fragment it was
shown (Orckhov et al., 1994} that it is not possible to fit
experimental data if the spectral density function does not
take into account internal motions. The mean ratio A
between the d and df" distances was [ound to be 1.08;
the iterative distance calculation slightly overestimates the
distances between hydrogens.

Discussion and Conclusions

An approximale expression for NOE intensities was
presented, which permits the computation of distances
between amide hydrogen pairs from the evaluation of the
NOE intensitics measured on a 3D NOESY-HMQC
spectrum. The accuracy and the efficiency of this approxi-
mation were evaluated. An iterative distance calculation
algorithm, CROWD, was derived from the approxima-
tion. It was tested on theoretical data and was then ap-
plicd to experimental data.

The approximation CROWD permits to calculate
interproton distances by an iterative methoed from a dra-
matically incomplete NOE intensity matrix. The accuracy
of the distance determination is equivalent to thal ob-
tained using other methods, as was shown above by com-
paring the final rms values obtained by CROWD and
MARDIGRAS.

As the NOE connectivities between amide hydrogens
determine o-helices more tightly than other secondary
structures, a determination of distances between amide
hydrogens using CROWY should be more useful for
mostly helical proteins. The CROWD algorithm, used on
hydrogen subsets other than the amide hydrogen subset,
could also allow the processing of NOESY-HMQC spec-
tra on a specifically *C-labelled protein.

The surprisingly good convergence of the method,
despite the very crude approximation used, can be ex-
plained in the following way.

The [1]; intensities cannot usually be measured on a 2D
spectrum, because the diagonal is too crowded. On the
other hand, on a 3D NOESY-HMQC spectrum, the [I];
intensities can be determined as accurately as any other
intensity. The availability of such quantities permits re-
scaling of the mixed intensity matrix at each iteration
step. There is a weaker tendency for negative eigenvalues
to oceur during the inversion step of Eq. 20, whereas this
appears to be a major problem in other algorithms
(Pothier et al., 1993).

Finally, it is easier to accurately measure NOE inten-
sities on a 3D HMQC-NOESY than on a 2D> NOESY,
because less peak superpositions are encountered on the
3D heteronuclear than on the 21 homonuclear spectrum.
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Appendix

The exponential of a matrix A can be expressed as a sum
of a series:

+oo An
exp(A) = 1;) o (A1)
AZ
exp(A)=Id + A + 7 + {(A) (A2)

where {(A) contains the expansion terms of order greater than
3. The exponential of a matrix sum (A+B) can thus be
expressed in the following way:

explA+B)=1d+A+B+ %(A% AR + BA + B9

A3
+ {A+B) (A3)

By using the expressions for exp(A) and exp(B) analogous
to Eq. A3, the two products exp{A) exp(B) and exp(B) exp(A)
can be expressed as follows:

exp(A) exp(B) =Td+ (A +R)+ l@v + 2AB + B) + &(AB)
2 (Ad)

and:

exp(Byexp(A)=Td + (A + B) + l(A2 +2BA + B + E(BA)

2 (A3)
where £(A,B) and &(B,A) contain the terms of order greater
than 3. Thus, by adding Eqgs. A4 and A5 we obtain:

%(exp(A) exp(B) + exp(B)exp(A)) = Id + (A + B)

Lo ) (A6)
+ E(A‘ + AB + BA + B} + w(A,B)

where W(A,B) contains the terms of order greater than 3, The
comparison of Eqs. A3 and A6 gives the following expression
for the NOE intensity matrix:

exp(A+B) = %(exp(A) exp(B) + exp(B) exp(A)) + o(A,B)
(A7)

where w(A,B) contains the terms of order greater than 3.

The matrices A and B, used for dipolar relaxation studies
in NMR, are the matrices —R,7,, and ~R,t,, where 1, is the
mixing time. In this case, the term @(A,B) decreascs to zero
as the mixing time decreases to zero.



